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Abstract

This research highlights a comprehensive mathematical model of Arrhenius activation energy
and viscous dissipation impacts on electrically conductive magnetohydrodynamic (MHD) flow
via shrinking sheet. The model utilizes a modified Buongiorno approach, which implies nano
fluid dynamics factors such as thermophoresis and Brownian motion. In general description,
electrical MHD describes fluid flow such as plasma or liquid metals that influenced by elec-
tric and magnetic fields. The Arrhenius activation energy effect then introduces a temperature-
dependent reaction rate that typically modelled by an exponential function, considering its abil-
ity in increasing reaction rates as temperature rises. Themathematical derivation of this study in-
volves a transformation of partial differential equations converting to ordinary differential equa-
tions, subjected to their respective boundary conditions, through a similarity transformation
to simplifies complex interactions into a solvable framework. These equations are numerically
solved employing bvp4c function in MATLAB to observe precise analysis of flow behaviour and
heat transfer properties. The study conclude that the magnetic parameter and Brownianmotion
parameter reduce heat transfer, while the activation energy and temperature difference param-
eters amplify concentration profiles. The inclusion of the electric field parameter is shown to
elevate the boundary layer flow and heat transfer rate. Based on the heat transfer analysis, an
optimization by Response SurfaceMethodology (RSM) further analyses these solutions to iden-
tify an optimal combination of three critical parameters in order to maximize heat transfer rate.
This optimization provides insights in efficient thermal management applications and supports
advancements in cooling or energy sustainability.
Keywords: electricalMHD;Arrhenius activation energy; modifiedBuongiornomodel; response

surface methodology; stretching.
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1 Introduction

The optimization of heat transfer in MHD flows is an important area of research due to its ap-
plications in space technology, renewable energy systems, as well as biomedical devices. The use
of nanofluids—suspensions of nanoparticles in base fluids—has significantly enhances thermal
conductivity andmaking them an important subject for detailed study. The modified Buongiorno
model then provides a robust framework in analysing nanofluid dynamics in light of the impli-
cations of Brownian motion and thermophoresis. The original Buongiorno model, which intro-
duced by Buongiorno [9], considered nanofluids as a two-phase system. This model accounts for
the relative movement of nanoparticles and the base fluid, specifically addressing thermophoresis
(the motion of particles due to temperature gradients) and Brownian diffusion (random particles
movementwithin fluid). It provides a theoretical basis to understand hownanoparticles influence
heat and mass transfer processes.

Researchers such as Turkyilmazoglu [50] used the Buongiorno model to analyse nanofluid
flow in an asymmetric channel, showing that the integrated impacts of thermophoresis and Brow-
nian motion can enhance the Nusselt number, increasing heat transfer while reducing the fluid
temperature. Anwar [5] then extended this work by studying transport phenomena and frictional
relaxation times in nanofluid flow using the Buongiornomodel, confirming that Brownianmotion
and thermophoresis parameters increase temperature profiles while reducing concentration pro-
files. Further research by Rawat et al. [41] observed mixed convection nanofluid flow in a cone
and wedge with chemical reactions and thermal radiation. Their analysis found that the Brow-
nian motion parameter does not affect temperature under zero mass flux conditions at the wall,
whereas the thermophoresis parameter increases the temperature distribution. Chu et al. [11]
executed a numerical study of nanofluid flow via stretching disk with gyrotactic microorganisms,
revealing that Brownian motion decreases concentration profiles while thermophoresis increases
temperature profiles.

In the meantime, Owhaib et al. [36] justified that the thermal layer structure improved with
Brownian motion parameter as stated in their study of nanofluid flow via three-dimensional ro-
tating sheet with viscous heating and radiation parameters. Gurrampati and Vijaya [19] then per-
formed on MHD Casson nanofluid flow via inclined porous sheet employing Buongiorno model.
The development of themodifiedBuongiornomodel involves integrating additional terms into the
governing equations to account for these physical phenomena. These equations are then solved
under various boundary conditions to simulate practical scenarios. Researchers have applied the
model to study diverse flow conditions and geometries, including flat plates [10], stretching or
shrinking surfaces [40], wavy channels [13], and rotating disks [3].

Additionally, Arrhenius activation energy is theminimum energy essential for a chemical reac-
tion to emerge. For example, in catalytic nanofluids, such as the decomposition of hydrogen perox-
ide with nanoparticles, the reaction rate increases with temperature as governed by the Arrhenius
equation and this makes it central to understanding temperature-dependent reaction rates, as it
explains how an increase in temperature accelerates reactions [23]. However, a major drawback
of Arrhenius energy is its assumption of a fixed activation energy, which may not suit complex
reactions with variable energy barriers. This limitation can be addresses by integrating advanced
models like Buongiorno model, or Eyring equation [37]. Such studies on Arrhenius activation
energy have been extensively explored in various contexts.

Khan et al. [24] analysed the second law of thermodynamics in nanofluid flow alongside bi-
nary chemical reactions andArrhenius activation energy, finding that the activation energyparam-
eter reduced the nanofluid’s concentration profiles. Ramzan et al. [39] later examined its impact
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on 3D bioconvection nanofluid flow with ion slip and Hall current, while Bhatti and Michaelides
[7] studied thermos-bioconvection nanofluid flow via Riga plate incorporating Arrhenius acti-
vation energy. In a study of a Casson nanofluid flow via deformable cylinder employing Soret
Dufour effects, Arrhenius activation energy, and variable characteristics that was developed by
Shaheen et al. [45], they confirmed that activation energy parameter improves the concentration
distribution. Further, Jayaprakash et al. [22] reported that this parameter reduced the rate of mass
transfer but increased chemical reaction profiles in their study on convective heat transfer effective-
ness in hybrid nanofluid flowwith radiation and Arrhenius activation energy. Additional insights
into related studies can be found in Sharma et al. [48] who investigated the impact of Arrhenius
activation energy on MHD nanofluid flow using a modified Buongiorno model, and Zahir et al.
[51] who analyzed entropy generation and activation energy effects in the peristaltic transport of
Prandtl-Eyring fluids.

Magnetohydrodynamic (MHD) flows and heat transfer involving Jeffrey fluids are widely
studied for their engineering applications. Research highlights the effects of viscous dissipation,
non-isothermal conditions, and particle-fluid interactions on flowandheat transfer over stretching
sheets [2]. Meanwhile, studies by Kumar et al. [27] on velocity slip conditions in MHD peristaltic
flows of Prandtl fluids show how factors like the velocity slip and Hartmann number influence
pressure and friction in non-uniform channels. Recent work by Norzawary et al. [35] on MHD
flow of hybrid carbon nanotubes over a stretching or shrinking sheet with slip further demon-
strate enhanced heat transfer efficiency. While MHD focuses on electrically conductive fluids in
magnetic fields, electrical MHD adds electric fields, emphasizing the role of electric currents in
flow and heat transfer, which adds complexity to these systems.

Another factor in this research is electrical MHD, where it studies the motion of electrically
conductive fluids, namely liquid metals, electrolytes, and plasmas, under the influence of electric
and magnetic fields [14]. It plays a significant role in fluid dynamics studies by controlling and
optimizing flowbehaviours in applicationswhere electromagnetic forces dominate over inertial or
viscous forces. For instance, electrical MHD can drive fluid flow in small channels using Lorentz
force, which enabling precise manipulation or electrolytes in lab-on-a-chip devices for medical
diagnostics [18, 47]. The biggest advantage of electricalMHD is its ability to generate flowwithout
moving mechanical parts and this leads to quieter, and more reliable controllable fluid systems.
As such, electrical MHDworks well with Buongiorno model, which being our key anticipation of
this research, as both systems can analyse nanoscale phenomena for instance thermophoresis and
Brownian motion. This synergy able to improves the design and efficiency of advanced thermal
and chemical systems.

Jagadha et al. [21] studied nanofluid flow with electrical MHD, Soret, Dufour effects, and
chemical reactions. They concluded that the electrical MHD parameter enhances temperature
profiles while reducing the impact of the convection parameter. Shah et al. [44] then investigated
nanofluid flow over rotating porous plates, considering electrical MHD, Joule dissipation, and
Hall current, where they highlighted that both temperature profiles and the skin friction coefficient
enhance with the electrical MHD parameter. In a study of hybrid nanofluid flow with electrical
MHD and partial slip by Gireesha et al. [17], they showed that the electrical field parameter
boosts flow velocity, which helps reduce stickiness in hybrid nanofluid flow. In addition, Sharma
et al. [49] confirmed that a stronger electric field increases the viscosity of the fluid, although other
parameters tend to slow down the fluidmovement. Several other researchers such as Gandhi et al.
[15], Abrar and Kosar [1] and Razzaq et al. [42] have also examined electrical MHD parameters,
demonstrating their significant impact on flow systems.

Further, this study employs a statistical approach calledResponse SurfaceMethodology (RSM)
to optimize and scrutinize the sensitivity of heat transfer rates. It represents the relationship be-
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tween inputs and the response, where RSMuses a combination of experimental design, regression
analysis, and optimization techniques to develop an approximate model, often as a polynomial
equation. This approach helps identify the optimal combinations for a system of process with
minimal experimental efforts [28]. Building on this, other researchers such as Sharifat et al. [46]
and Samat et al. [43] have been widely utilized optimization particularly in RSM approach in
diverse fluid flow studies. According to the references, this study emphasizes a modified Buon-
giorno nanofluid model with Arrhenius activation energy and electrical MHD flow via stretching
surface. The objectives are defined as follows:

(a) To develop a mathematical model for the problem.
(b) To analyze the outcomes of diverse parameters on fluid flow and heat transfer.
(c) To obtain the ideal arrangement of three parameters to maximize the heat transfer rate.

This study’s novelty is based on optimizing thermal conductivity within the modified Buon-
giorno model, specifically considering Arrhenius activation energy and electrical MHD flow—a
combination that has not been previously explored. To formulate the mathematical model, we
extended the Partial Differential Equations (PDEs) framework proposed by Daniel et al. [12] to
align with our focus. A similarity transformation technique was applied to reform the PDEs into
Ordinary Differential Equations (ODEs), which were further resolved employing bvp4c program
in MATLAB software. The procedure for this function is illustrated in Figure 1.

Figure 1: Procedure of the bvp4c for the current problem.

In this study, both numerical and statistical analyses are involved to develop a mathemati-
cal model for the current problem and to optimize three selected parameters for enhancing the
heat transfer rate. The outcomes of this model are expected to deliver in various applications, in-
cluding thermal management in electronics, energy-efficient building systems, renewable energy
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technologies, advanced cooling systems, industrial heat exchangers, automotive thermal systems,
and chemical process optimization [31].

2 Formulation of the Mathematical Model

We examine a steady electrical MHD boundary layer flow, heat transfer, and a concentration
of a nanofluid via stretching surface alongside viscous dissipation, Arrhenius activation energy,
and Joule heating, as visualized in Figure 2, while the assumption of such model is listed below:

• The system is modeled using Cartesian coordinates, which x-axis aligned across the surface,
and the y-axis is perpendicular to it, where the flow takes place for y ≥ 0.

• The appliedmagnetic fieldB0, and electric fieldE0(x), are directed across the positive y-axis.
• The induced magnetic field is neglected due to the low magnetic Reynolds number which

means that the applied magnetic field dominates the fluid flow [26].
• The Hall effect is omitted since it primarily influences highly ionized plasmas or rotational

flows [25]. In addition, given that our working fluid is a nanofluid with no strong ionization
or rotational forces, the Hall parameter remains small, justifying its exclusion.

Figure 2: The representation of physical model for current study.

For this study, we utilize Buongiorno nanofluid model [9] which accounts for key nanofluid
dynamics such as thermophoresis and Brownianmotion effects, which significantly influence heat
and mass transfer in nanofluid systems. Unlike conventional nanofluid models that assume uni-
form nanoparticle distribution, Buongiorno model considers relative velocity between nanoparti-
cles and the base fluid. This model is useful in describing the transport properties of nanofluids,
as it accounts for these mechanisms which could significantly improve heat and mass transfer in
nanofluid systems [16]. The assumption of this model allows for a more accurate description of
how nanoparticles interact with the base fluid affected by thermal and concentration gradients.
Based on these hypotheses, the governing equations for the boundary layer flow of this research
are the equations of continuity, momentum, energy, and concentration, that formulated in Carte-
sian coordinates (x, y), which can be written by [12, 38]
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subject to the conditions of,
u = ux(x)λ = cxλ, v = 0, T = Tw, C = Cw, at y = 0,

u → ue(x) → axE0, T → T∞, C → C∞, as y → ∞.
(5)

Here, (u, v) are the velocity components along (x, y)-axes, ue(x) = axE0 is the velocity of the
far field (inviscid flow), and uw(x) = cxλ is the stretching sheet velocity, while E0 is the strength
of the electric field and a, c are constants, with c > 0 is for static sheet. Further, λ =

c

a
> 0 is

the constant stretching parameter. The properties of nanofluid as stated in (2) and (3) are α, ρ,
ν, µ, ρ, (Cp)f , and (Cp)p, which represented by thermal diffusivity of the fluid, density, kinematic
viscosity, electrical conductivity, fluid viscosity, heat capacity of the fluid, and the effective heat
capacity of the nanoparticle material, respectively. (T,C), [Tw(x), Cw], and (Tinfty, C∞) are the
temperature and concentration of the nanofluid, surface of the sheet and of the far field, respec-
tively, where Tw > T∞ and Cw > C∞. The last term in (4) is then presented as the modified
Arrhenius kinetics in which k2r is the reaction rate and k1 is the Boltzmann constant.

To solve this problem, we propose the following similarity variables [34],

u = axf ′(η), v = −
√
aνf(η), θ(η) =

T − T∞

∆T
, φ(η) =

C − C∞

∆C
, η = y

√
a

ν
, (6)

where∆T = Tw − T∞ and∆C = Cw −C∞. To ensure that the Boundary Value Problems (BVPs)
in (2)–(4) admit a similarity solution, we presume that E(x) = xE1, where E1 is a constant, and
Tw(x)− T∞ = x2T0, where T0 represents the characteristic surface temperature.

By substituting (6) into the BVPs in (2) to (4), we finally acquire the respective ODEs,
f ′′′ + ff ′′ + Λ2 − (f ′)2 +M(Λ− f ′) = 0, (7)

1

Pr
θ′′ + fθ′ − 2f ′θ +Nbφ′θ′ +Nt(θ′)2 + Ec(f ′)2 +M(Λ− f ′)2 = 0, (8)

φ′′ + Lefφ′ +
Nt

Nb
θ′′ + Leφ(1 + τθ)m exp

(
− AE

1 + τθ

)
= 0, (9)

where we observe that the BVPs simplify to forms like those reported by Mahapatra and Gupta
[30], Nazar et al. [33], and Bachok et al. [6]. Further, the boundary conditions in (5) can be
reduced to,

f(0) = 0, f ′(0) = λ, θ(0) = 1, φ(0) = 1,

f ′(η) → Λ, θ(η) → 0, φ(η) → 0, as η → ∞.
(10)
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Based on (7)–(10), the respective parameters are described as follows:

M =
σB2

0

aρ
, Λ =

E1

aB0
, Nb =

(ρCp)f
(ρCp)p

DB∆C

ν
, Nt =

(ρCp)f
(ρCp)p

Df∆T

νT∞
,

P r =
(ρCp)f
kf

, Ec =
cρ

Cp∆T
, Le =

ν

DB
, AE =

EA

k1T∞
, τ =

∆T

T∞
,

(11)

where M, Λ, Nb, and Nt are parameter of magnetic, electric field, Brownian motion and ther-
mophoresis, respectively. Further, Pr, Ec, and Le are the number of Prandt, Eckert and dimension-
less Lewis, respectively, and AE is activation energy parameter, with τ is temperature difference
parameter.

In this study, quantities of interest include the skin friction coefficient Cfx, Nusselt number
Nux, and local Sherwood number Shx, that clarified by [12, 38],

Cfx =
v
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, (12)

and by simplifying (12) with (6), we finally get,
Re1/2x Cfx = f ′′(0), Re−1/2

x Nux = −θ′(0), Re−1/2
x Shx = −φ′(0). (13)

3 Results and Discussions

To justify the correctness of our mathematical model, we notice that the BVP in (7) can be
reduced to,

f ′′′ + ff ′′ − (f ′)2 = 0,

f(0) = 0, f ′(0) = λ, f ′(η) → 1 as η → ∞,
(14)

where M = 0 and Λ = 1, so that we can compare the numerical result as in (14) with those
reported by Mahapatra and Gupta [30] and Nazar et al. [33], as listed in Table 1. Further, we
consider Ec = Nb = Nt = 0 and the BVP in (8) can simplify to,

θ′′ + Prfθ′ = 0,

θ(0) = 1, θ(η) → 0 as η → ∞,
(15)

Table 1: Comparison of f ′′(0) for selected values of λ.

λ
f ′′(0)

Mahapatra and Gupta [30] Nazar et al. [33] Current outcomes
0.1 -0.9694 -0.9694 -0.96937029
0.2 -0.9181 -0.9181 -0.91811665
1.5 -0.6673 -0.6673 -0.66734002
2.0 2.0175 2.0176 2.01749549
3.0 4.7293 4.7296 4.72952736

that followed the analytical solution of,

θ(η) = 1−
∫ η

0
exp[−Pr f(s)]ds∫∞

0
exp[−Pr f(η)]dη

, (16)
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with

θ′(0) = − 1∫∞
0

exp[−Pr f(η)]dη
. (17)

The reduced heat transfer −θ′(0) in (17) is compared with the analysis by Bachok et al. [6],
as shown in Table 2. The agreement between these results confirms the validity of the current
findings, which justify the present mathematical model is suitable for analysing fluid flow and
heat transfer in this study.

Table 2: Comparison of θ′(0) for selected values of Pr andM.

Pr M θ′(0)

Bachok et al. [6] Current outcomes

1.0
1.0 -0.5061 -0.50609711
2.0 -0.3826 -0.38257961
3.0 -0.3120 -0.31183328

7.0
1.0 -1.3389 -1.33896471
2.0 -1.0124 -1.01234008
3.0 -0.8253 -0.82535314

The BVPs in (7)–(9) with boundary conditions in (10) are numerically solved via MATLAB’s
bvp4c solver with an initial mesh of 150 points and a variable step size is employed to adjust dy-
namically based on error estimates. To ensure numerical accuracy, the convergence of the analysis
is achieved when the residual error falls below 10−7 [4]. Further, Table 3 provides the range of
the key parameters where the skin friction coefficientRe

1/2
x Cfx, Nusselt numberRe

−1/2
x Nux, and

concentration gradient which represent by local Sherwood number Re
−1/2
x Shx for varies M are

presented in Figure 3. As M increases, the field of magnetic interacts with the electrically con-
ducting fluid, creating a Lorentz force, which causes a slowdown in fluid flow and hence reduces
both Re

1/2
x Cfx and Re

−1/2
x Nux. The observed behaviour implies that applying a magnetic field

reduces the shear stress at the surface by damping the fluid motion, and also hinders heat transfer
efficiency.

However, a strongerM seems to stabilize the flow, thereby steepening the Re
−1/2
x Shx near the

surface and increase the mass transfer rate. This behaviour is consistent with the suppression of
turbulence or mixing by magnetic forces, which can confine the Re

−1/2
x Shx closer to the bound-

ary layer. The profiles of velocity f ′(η), temperature θ(η), and concentration φ(η) for variesM are
portrayed further in Figure 4. The field of magnetic yields a stronger braking force (Lorentz force)
on the fluid as M increases, which slows down the velocity. With lower velocity, the flow cannot
mix heat efficiently, so the temperature decreases because heat transfer relies more on slower con-
duction. At the same time, weaker flow also means less mixing of species, so the concentration
increases because diffusion dominates and allows more buildup in certain areas.
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Table 3: The key parameters and their respective range [38].

Parameter Range
Magnetic parameter,M 0.1 ≤ M ≤ 0.8

Electric field parameter, Λ 0.1 ≤ Λ ≤ 0.4

Stretching parameter, λ 0 ≤ λ ≤ 1.6

Activation energy parameter, AE 0.2 ≤ AE ≤ 0.8

Brownian motion parameter, Nb 0.1 ≤ Nb ≤ 0.5

Thermophoresis parameter, Nt 0.1 ≤ Nt ≤ 0.8

Eckert number, Ec 0.1 ≤ Ec ≤ 0.4

Temperature difference parameter, τ 0.1 ≤ τ ≤ 0.8

Figure 3: VariesM on: (a)Re1/2x Cfx, (b)Re−1/2
x Nux, and (c)Re−1/2

x Shx.
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Figure 4: VariesM on: (a) f ′(η), (b) θ(η), and (c) φ(η).

Figure 5 illustrates Re
1/2
x Cfx, Re

−1/2
x Nux, and Re

−1/2
x Shx for varies electric field parameter,

Λ. The presence of Λ alters the flow dynamics through additional body forces (such as Coulomb
forces or Lorentz forces). For a fluid under an electric field, Λ changes changes the velocity gradi-
ent at the wall and directly influencing the Re

1/2
x Cfx. Λ also can influence the temperature distri-

bution in the fluid by affecting the flow (velocity field), which in turn changes the convective heat
transfer. Hence, increasing Λ can enhances both Re

1/2
x Cfx and Re

−1/2
x Nux. Meanwhile, decreas-

ing Λ will reduces Re
−1/2
x Shx. Λ reduces the flow velocity near the surface (e.g., through damp-

ing effects in electrically conductive fluids), the convective transport of mass decreases which in
weaker mass transfer, reflected by a decrease in Re

−1/2
x Shx. Profiles for f ′(η), θ(η), and φ(η) for

varies Λ are then shown in Figure 6. As Λ increases, the velocity profile increases because the
electromagnetic force drives the fluid motion. This stronger flow enhances convective heat trans-
fer and, along with Joule heating, raises the temperature profile. At the same time, the increased
velocity improves mixing, reducing concentration gradients and causing a decline in the concen-
tration profile.
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Figure 5: Varies Λ on: (a)Re1/2x Cfx, (b)Re−1/2
x Nux, and (c)Re−1/2

x Shx.
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Figure 6: Varies Λ on: (a) f ′(η), (b) θ(η), and (c) φ(η).

Figure 7 further plots the profiles for f ′(η), θ(η), and φ(η) for varies λ. As λ increases, the fluid
is stretched more, which causes both velocity and concentration to decrease. At the same time,
the temperature increases due to enhanced heat transfer from the increased surface area created
by the stretching, which improves convective heat exchange.

Figure 7: Varies λ on: (a) f ′(η), (b) θ(η), and (c) φ(η).
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The local Sherwood number Re
−1/2
x Shx and concentration profiles φ(η) against activation en-

ergy parameterAE are presented in Figure 8. By definition,AE refers to the energy needed to start
a chemical reaction or process, like diffusion, reaction rates, or species transport. Increasing AE

reduces the rate at which species diffuse or react in the fluid, making it harder for species to move
or undergo reactions. As a result, the Re

−1/2
x Shx becomes steeper or more localized, meaning

species are less uniformly distributed. However, the slower diffusion and reduced reaction rates
prevent the species from dispersing, causing the φ(η) profile to rise. Figure 9 then illustrates θ(η)
and φ(η) profiles for varies Ec. An increase in Ec affects fluid dynamics by altering temperature
and concentration profiles. Higher Ec signifies stronger viscous dissipation, which can reduce
temperature profiles when heat is rapidly dissipated or distributed through high thermal conduc-
tivity systems. Simultaneously, the increased energy enhancesmolecular diffusion, thickening the
concentration boundary layer and raising φ(η).

Figure 8: VariesAE on: (a)Re−1/2
x Shx, and (b) φ(η).

Figure 9: Varies Ec on: (a) θ(η), and (b) φ(η).

The quantities of interest for Re
−1/2
x Nux and Re

−1/2
x Shx, as well as the profiles of θ(η) and

φ(η) for varies Nb are shown in Figure 10. Nb refers to irregular particle movement dispersed in
a fluid, caused by interactions with adjacent particles, which then transferring energy in the form
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of heat. AsNb increases, random nanoparticle movement lowers thermal gradients near surfaces.
This reduces the Nusselt numberRe

−1/2
x Nux and the temperature profile near the surface. At the

same time, increased Nb steepens the nanoparticle concentration gradient, promoting Re
−1/2
x Shx

leading to a more pronounced concentration profile φ(η). The plots of Re
−1/2
x Nux, Re

−1/2
x Shx,

θ(η), and φ(η) for variesNt are further presented in Figure 11. Increment ofNt enhances the ther-
mophoreticmotion, causing nanoparticles to emigrate fromhotter areas. This disrupts the thermal
gradient near the surface, leading to a reduction in Re

−1/2
x Nux, as well as lowering the temper-

ature profile θ(η) in the boundary layer. Increased Nt also result in a flattening the Re
−1/2
x Shx

and thinner concentration boundary layer as particles migrate more efficiently, decreasing the
overall concentration profile φ(η). Additionally, Figure 12 presents the local Sherwood number
Re

−1/2
x Shx and concentration profiles φ(η) for varies τ . The temperature difference parameter

τ amplifies thermal diffusion effects, which enhances the Soret effect (thermo-diffusion). This
drives particles from hotter to cooler regions, steepening Re

−1/2
x Shx. This also elevates the con-

centration levels in certain regions of the boundary layer, then increases the thickness of the con-
centration profile.

Figure 10: Varies Nb on: (a)Re−1/2
x Nux, (b)Re−1/2

x Shx, (c) θ(η), and (d) φ(η).
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Figure 11: Varies Nt on: (a)Re−1/2
x Nux, (b)Re−1/2

x Shx, (c) θ(η), and (d) φ(η).

Figure 12: Varies τ on: (a)Re−1/2
x Shx, and (b) φ(η).
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Further, Figures 13 and 14 present the streamline flows for electrical field parameter Λ, and
magnetic parameter M, respectively. A streamline is a curve that represents the path of a fluid
element follows in a flow field at any given point. It exhibits the direction of the fluid velocity at
every point, meaning the tangent of the streamline alignswith the local velocity vector of the fluid.
Here, the streamline flows can identify areas of high or low velocity, and we can further observe
the influences of varies parameters on the flow. From Figure 13, whenΛ increases, the streamlines
move closer and come into contact which indicates a higher velocity gradient and localized flow
compression. This suggests that the electric field strengthens the flow intensity and potentially
reducing re-circulation zones. In themeantime, asM increases, the streamlines expand and causes
the flow to spread out. This may be due to the magnetic force inducing a damping effect on the
fluid and reduce velocity gradients at some point.

Figure 13: Streamline flows for: (a) Λ = 0.1, (b) Λ = 0.2, and (c) Λ = 0.3.
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Figure 14: Streamline flows for: (a)M = 0.3, and (b)M = 0.5.

4 Response Surface Methodology (RSM)

Response Surface Methodology (RSM), also known as the Box-Wilson method [8], is a tech-
nique that combines statistical and mathematical tools based on experimental design. It is useful
for identifying which independent variables have a significant impact on a response (dependent
variable) in problems involving multiple independent variables. The relationship between the
response and the independent variables is expressed as follows [29]:

res = F (X1, X2, X3, . . . , Xt)± Er, (18)

where res is the response, F is the unknown function of response withX1, X2, X3, . . . , Xt as inde-
pendent variables, and Er is the statistical error. The general quadratic model can be expressed as
follows:

res = a0 +

t∑
i=1

aixi +

t∑
i=1

aiix
2
i +

t−1∑
i=1

t∑
j=1

aijxixj , (19)

with a0, ai, aii, and aij are the intercept, linear, quadratic and bilinear two-factor terms, respec-
tively.

RSM can also be used to determine the best conditions for a response and to predict process
outcomes [29, 20]. The optimization process through RSM involves several steps: defining the in-
dependent variables and their range, selecting the experimental design, predicting and validating
the model equation, and finally determining the optimal point. In this study, RSM is applied to
evaluate the effects ofM,Λ, and λ in optimizing heat transfer rateRe

−1/2
x Nux. The coded symbols

A, B, and C representM, Λ, and λwith values set at low (-1), middle (0), and high (1), as shown
in Table 4. Other parameters are kept constant at Le = 2.0, AE = Ec = Nb = Nt = τ = 0.1, and
Pr = 7.0.

1051



N. H. A. Norzawary et al. Malaysian J. Math. Sci. 19(3): 1035–1062(2025) 1035 - 1062

Table 4: Independent parameters and their range.

Level Parameter
M [A] Λ [B] λ [C]

-1 (Low) 0.1 0.1 1.0
0 (Medium) 0.3 0.2 1.2
1 (High) 0.5 0.3 1.4

Computational models are employed to generate the output responses by systematically vary-
ing the values of factor. Additionally, a face-centred composite design is utilized to structure the
experimental setup, with the trials number N calculated via formula N = 2F + 2F + C, where
F = 3 (factors number) and C = 6 (centre points). For the three specified parameters, Table 5
lists a total of 20 runs [29]. The numerical results presented in Table 6 are then examined through
analysis of variance (ANOVA) in Minitab.

Table 5: Experimental design forRe−1/2
x Nux.

Runs Uncoded parameter
Response Re

−1/2
x NuxM Λ λ

1 0.1 0.2 1.2 3.230587362
2 0.1 0.3 1.0 2.995491119
3 0.1 0.1 1.4 3.429776458
4 0.3 0.2 1.4 3.197365670
5 0.3 0.2 1.2 3.033187458
6 0.5 0.3 1.4 3.063720920
7 0.5 0.1 1.4 2.801904454
8 0.3 0.2 1.0 2.827771204
9 0.5 0.3 1.0 2.792847855
10 0.3 0.3 1.2 3.104330696
11 0.3 0.2 1.2 3.033187458
12 0.5 0.2 1.2 2.842059214
13 0.1 0.1 1.0 2.935605467
14 0.3 0.2 1.2 3.033187458
15 0.1 0.3 1.4 3.492691126
16 0.3 0.1 1.2 2.954112673
17 0.3 0.2 1.2 3.033187458
18 0.3 0.2 1.2 3.033187458
19 0.3 0.2 1.2 3.033187458
20 0.5 0.1 1.0 2.582332717
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Table 6: ANOVA for the full model ofRe−1/2
x Nux.

Source DF Adj SS Adj MS F-value P-value
Model 9 0.848119 0.094235 2490.50 0.000
Linear 3 0.798841 0.266280 7037.37 0.000
A 1 0.400515 0.400515 10584.97 0.000
B 1 0.055555 0.055555 1468.22 0.000
C 1 0.342772 0.342772 9058.92 0.000
Square 3 0.002272 0.000757 20.01 0.000
A*A 1 0.000027 0.000027 0.72 0.415
B*B 1 0.000043 0.000043 1.13 0.313
C*C 1 0.001167 0.001167 30.84 0.000
2-Way 3 0.047006 0.015669 414.10 0.000
Interaction
A*B 1 0.015272 0.015272 403.60 0.000
A*C 1 0.031366 0.031366 828.95 0.000
B*C 1 0.000369 0.000369 9.75 0.011
Error 10 0.000378 0.000038
Lack-of-Fit 5 0.000378 0.000076 * *
Pure Error 5 0.000000 0.00000
Total 19 0.848498

Further, the model considered well-fitting as their residuals follow a normal distribution. The
model achieves statistical significance if the sources’ P-value is under 0.05 according to Myres et
al. [32]. The several factors shown in Table 6 are excluded since P-values is exceed 0.05 when
developing the reduced model (Table 7).
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Table 7: ANOVA for the reduced model ofRe−1/2
x Nux.

Source DF Adj SS Adj MS F-value P-value
Model 7 0.848068 0.121153 3379.59 0.000
Linear 3 0.798841 0.266280 7427.99 0.000
A 1 0.400515 0.400515 11172.50 0.000
B 1 0.055555 0.055555 1549.72 0.000
C 1 0.342772 0.342772 9561.75 0.000
Square 1 0.002220 0.002220 61.92 0.000
C*C 1 0.002220 0.002220 61.92 0.000
2-Way 3 0.047006 0.015669 437.09 0.000
Interaction
A*B 1 0.015272 0.015272 426.00 0.000
A*C 1 0.031366 0.031366 874.96 0.000
B*C 1 0.000369 0.000369 10.29 0.008
Error 12 0.000430 0.000036
Lack-of-Fit 7 0.000430 0.000036 * *
Pure Error 5 0.000000 0.000000
Total 19 0.848498

Consequently, the reducedmodels are statisticallywell-fitted to provide the optimumsolutions
for Re

−1/2
x Nux. As a result, (19) then can be derived to finally obtain the following quadratic

regression equations for Re
−1/2
x Nux,

Nux = 0.964 + 0.4409M − 0.317Λ + 2.592λ− 0.5268λ2 + 2.185MΛ− 1.5654Mλ+ 0.340Λλ.
(20)

Further analysis of the interactive impacts of these parameters is conducted via contour and
surface plots (see Figures 15 and 16). From Figure 15, the elevation in A(M) reduces the re-
sponse. Conversely, the amplification of response occurs at higher values ofB(Λ) andC(λ). Thus,
Re

−1/2
x Nux is improved by the increase in electric field Λ and stretching λ parameters.
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Figure 15: Contour plots for interaction between: (a) A and B, (b) A and C, and (c) B and C.

Figure 16: Surface plots for interaction between: (a) A and B, (b) A and C, and (c) B and C.
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Additionally, the impact of these parameters on optimizing the heat transfer rate is analyzed
via optimization, with the results shown in Table 8. The heat transfer rate is considered optimized
when the maximum value of Re

−1/2
x Nux is attained, whenM = 0.1, Λ = 0.3, and λ = 1.4.

Table 8: The optimal solution ofRe−1/2
x Nux.

Solution A B C Response fit Composite desirability
1 0.1 0.3 1.4 3.49747 1

5 Conclusions

This study examines electrically conductivemagnetohydrodynamic (MHD)flowover a shrink-
ing sheet with Arrhenius activation energy using a modified Buongiorno approach. Key variables
such asM,Λ,AE , λ, Ec,Nb,Nt, and τ in non-dimensional form are included in themodel. Numeri-
cal analysis is performed using bvp4c function inMATLAB,while Response SurfaceMethodology
(RSM) inMinitab is applied for optimization process. The findings reveal the influence of key pa-
rameters on flow, heat, and mass transfer characteristics, where the main conclusions are listed
below:

• Increasing the magnetic parameterM lowers the skin friction coefficient Re
1/2
x Cfx.

• Ahigher electric field parameterΛ increasesRe
1/2
x Cfx andRe

−1/2
x Nux while reducingRe

−1/2
x

Shx. The activation energy parameter AE also diminishes Re
−1/2
x Shx.

• The stretching parameter λ raises temperature profiles but reduces concentration profiles.
The parameter τ has opposite effect on concentration profiles.

• Increasing Brownian motionNb, thermophoresisNt, and Eckert number Ec reduces profiles
while increases concentration profiles.

• For the RSM analysis, the maximum heat transfer rate is achieved when Λ and λ are in high
position, whileM is in low value.

It is worth noting that this research is relevant for cooling systems in high-temperature envi-
ronments, such as in fusion reactors where the interaction of an electric field, magnetic field, and
nanofluid properties can be adjusted to improve heat dissipation. The findings may also help in
optimizing heat transfer in industrial plasma processing and electromagnetic casting. However,
a limitation of this study is that it assumes a steady-state flow and does not account for time-
dependent effects, which may be important in practical applications. To address this, future work
will include unsteady flow analysis and experimental validation by using thermal imaging or tem-
perature sensors to compare with real-world data. Additionally, different nanofluid base fluids
and nanoparticles can be tested to examine their impact on heat and mass transfer performance.

Nomenclature

x, y Cartesian coordinates
B0 Magnitude of magnetic field (N/Am)
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B0(x) Electric field (Vc/m)
DB Brownian motion coefficient (m2/s)
DT Thermophoresis coefficient (m2/s)
u, v Velocity components
ue(x) Far field velocity
uw(x) Stretching sheet velocity
λ Stretching parameter
(T,C) Temperature (K) and concentration (mol/m3/) of nanofluid
(Tw, Cw) Temperature (K) and concentration (mol/m3/) of sheet surface
(T∞, C∞) Temperature (K) and concentration (mol/m3/) of far-field
k2r Reaction rate
k1 Boltzmann constant (k)
M Magnetic parameter
Λ Electric field parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
Pr Prandtl number
Ec Eckert number
Le Dimensionless Lewis number
AE Activation energy parameter
τ Temperature difference parameter

Subscripts:

α Thermal diffusivity
ρ Density (kgm-3)
ν Kinematic viscosity (m2/s)
µ Fluid viscosity (kg/ms)
σ Electrical conductivity (S/m)
ρCp Heat capacity (J/g)
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